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Nonlinear Fractal Model for Static Friction Coefficient
Considering Three-Dimensional Topography of Joint Surfaces
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Abstract; Considering three-dimensional topography W-M function of joint surfaces, a nonlinear
fractal model for static friction coefficient considering three-dimensional topography of joint
surfaces was established. Relations between the static friction coefficient considering three-
dimensional topography of joint surfaces and normal load, the fractal dimension, fractal roughness
were numerically simulated, as well as the difference between static friction coefficients in the
two-dimensional fractal model and three dimensional fractal model. The results showed that the
static friction coefficient increases monotonically with the increase of normal load, and decreases
monotonically with the increase of topothesy. When D is less than 2.5, the static friction
coefficient increases with the increase of fractal dimension; when the D is greater than 2.5, the
static friction coefficient decreases with the increase of fractal dimension; the three-dimensional
fractal static friction coefficient is smaller than that of the two-dimensional.

Key words: three-dimensional topography; joint surfaces; static friction coefficient; fractal
theory ; nonlinear
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asperity and equivalent smooth rigid plane

1 = A9 obe R /A CE LB 14

" =R* - (R-w)". (1)
(1) 15
w 1’
R=?+%. (2)
R R o JTNF R, B RS
CIgE
e
R~ (3)

P 1 A AR T 08 A RO AR R I G 3T
T 422 fih P At 488 T AR

A=mr*=m[R - (R-w)’]=2mRw . (4)

FH 28 B 2% 3R M 2 Sl R 0 TR0 A Ak T i

S PRI, S BRSO B 5
T I T 494

r:(?peRjz, (6)

E_1—ﬁ -\ )
- EI * E2 .

X E RO A SE AR B, R E, 235
o P ELAZ S A R PR A SRS R s, A, UL
BAENTRIAR .

Fe X (5) A (6) nT#+

r=R"S0"S (8)

R (3)FRATK(8) Al 15 52 BRAZIE B ™ 4
SWIE- 1 B At T~ A 5 SRR
TS R A I A R T~ A2 2 )
iUPRE

r:ézr’ . (9)

i (4) A (9) AT, B 1 rp AR A A
WG P T 522 o 2 fh T R

a=mr :Lq'rr’2 =mRw . (10)

2
1.1 BERHRMOEIEREMER
Yan 55 B SRS LA W - MRS, 15 5
TR 4 T A5 ARG, AR KL
AR W - M BRECH
) =L )Y Y 0

m=1 n=0
172

n 2 2
{COSQDm’n —CO0S [2’11"}/ (xL+ Y )

%%)+¢WJ}. (11)

K. L WIS EE ;D W ah G IE S I 4t
B(2<D<3);GANMERERE;y(y>1,— K
HU1.5) AP A5 B B S50 Mo 21 0 RS 3R
RS B A ECH s n N8 EL, n,,, =
Int[ 1g(L/L,)/1gy ] ; L, AR x,y
T AR LA AR AR 2R 5 0, WL EARASL.
A (11) 1, I AR 5% pR B I 06 5 30 4 T L
2] R SR AR 32 805 A8 E 1, B
w=2G""? (Iny)"*(2r") ", (12)
ma(4) ML (10) K= (12) 2 N EFH o
1) PR -
o :2(11 731))/2G(1)72) (lny) |/2ﬂ_(1)73)/2a(370)/2.

(13)

cos(tan™ (%) -



% 10 FEIF: FREY

H5 2 (13) TOAR(10) T 754850 By Pl ¢
et

2(30-11)/217(1 —D)/2G(2—D)a(D—l)/2

R= s . (14)
(Iny)
SR AR B BT A A s AR T o
_ (337k, @
W= (40) R. (15)

ol = TP S50 0, WAABRHI0

JIRBREE &, R BRI MAE TE S8, w3 EEHE R
B M0<su<0.3 M,k =1-0.228u; 0.3 <p
<1k, =0.932 e " FW09,
I (13) ~ X (15) wHES 30N 1A A 1l 5
SRS IE AR
a. = 2 (3D-11)/(2-D) (33‘%9”)2/(2 ” 4-p/@2-D)
(Iny) VP2 G, (16)
1.2 BLEMEMOERE RS
H1x0(5) \2(13) H(14) APR G0N A M
% ﬁ/m&/k‘mﬁni‘%ﬁﬁjz%ﬁmﬁﬁ a [ PREL

X

P (a> _ ETr(D 4/22(15 3D)/2(ln7)1/2GD 2 _(4- D)/Z
(17)

T ARSI B Bk [ 2 far
P,(a) =Aoa . (18)

XA =H/ o, NE LR H OB R
B E.
1.3 SHEEBRERREAER

S5G H bR A O A 0y T R G A eR AR
n(a) " 5 AR AAEE Al E AR o, [5G
£
n(a) =

1 (-1 -(D+1)
2 a ? ,0<a=aq,2<D<3.

(19)

XoF T FR A3 A5 SRR n (@) FERUM A 45 AR T IX (]

PEATIESERR 43, N 15 4L A 456 TH b 1) S R 2 ik T

LA BN S AT LN RS Py s AR Y
S EAYEASTE By B o i 1 ARSI

ﬂc Hl
A = fn(a)ada +Jn(a)ada =
0 ae

D -1

D -1 —(D+
> al’""?a P qda = 3 ph (20)

o—— =5

2 kIR fh AR = 4E AR A

X EAN R AR LS PR AN A AR B B T

BT R R SR R AR 1449
TSR R n (a) HEATIE LY = (17) ~ =X
(19) A 45 5wk ) 2 o7

1) ¥2<D<3,D#2.5H},

P = ijn(a) da +JPc(a) n(a)da =

D _1 0.5D-0.5 _1.5-0.5D (D _1) 6.5-1.5D
72
3~ pho "3(25 -D) X
EF‘TOA51)72(lnfy)OASGD72a045D405(6125 -D _aZS D)
1 1 c .
(21)

2) W2<D<3,D=2.5Hf,
P fP n(a)da +JP (a) n(a)da =3Ao a?75a025 +

0. 125Em™""2* 75(lny)(’SG05 a)” (Ina, - Ina,) .

(22)
X (21) oL 1
D -1

0.5D-0.5) = 1.5-0.5D) =
( ) a( )

P = ﬁ/\@d ¢ +
D-1 0.5D-2A6.5-1.5D 0.5 ~(D=2) =
37(2.5_D)’1T 2 (Iny)™"G X
a](O.SD*O.S)* I:al(2457D) * _a§2457D) * ] . (23)
AH. P =P/(EA,);a" =a/A;a =a/A,;

G" =G/ JA;A, jﬂfnmﬁng@%ﬁiﬁ
X (22) T EE NI 1S
P* — 3/\@61?.75*“(3.25* +0. 125,“_70,75 24.75 X

075+ 1 4 (24)
aC

<1n'}/)05G05

3 Ui kAt = 4E AR AL

FRAEDOR RIS, 25 ™ 1 14 Jos Al % 2
TERE b siih &  FERh 2 ) 3 A~ E 0505
-2 30(»
0-1_21'rr2p+4r(4 +1) (25)
_ 9 1-2v
72 = 16r2Q 27 P (26)
o,=0. (27)

. Q, p 435Ik BN AR 2 B 1D 18] 5 % 1)
A7
1 Tresca Jitt IR 251450 .

o, -0,=0,. (28)
Hei(25) H(26) A (28) 74
0- 8 , _8(1-2v)

6-307Y " (6 -3
8ao, +8(2v—1)
(6 -3v)w w(6 - 31/)
A (29) A1 (19) AT AR A Ab T i AR O

(29)



1450

AKX FFR(ARFFIR)

% 38 A

B B A 1 D1 1) 28 i
1) 42<D<3,D#2.5 i},

I = Jontaa =

v)wm (6 -3p) °
80'y(D -1) a?.SD—QS(all.S—O.SD
m(6 —3v)(3 - D)
2v -1)E
3w(6 —3v)(5 -2D)
QOIS (GBI 2Dy (30)
2) M2<D<3,D=2.5H},
_ 240, 0.75 / 0.25 0.25
Tc - 1T(6 —3V)al (a] _ac ) +

(2v -1)E
w(6 —3v)

_ al‘S_O‘SD) +

‘n_(). SD-2 (ln,y>().5GD—2211.5—1.5D X

a
-0.75 .5 .5~4.75 .75 1
x w7 (Iny)* G*2*Pa) PIn — .

a

(31)
XFF RS A e e BT IE SR I, BEA
TREZ D) 2T (Y BE T, e T 45 5 8 U 1) 2 A
IANE AR AR 58 4 BB PR AR I B B, I 4 455 51
ISS2NCIEES L = aC)

T=T,. (32)

X2 (30) A (31) s Bl AT A A T 1
T = 1-;(68€_D§VD)(;)_D) a}(o.smo.s)» (al(Lsfo.sD)* _

2v-1)

3w (6 -3v)(5-2D)

0.5D-0.5 2.5-D
al( )*af ) *

a((:l.S—O,SD)*)_l_ ‘n_(),SD—Z(ln‘y)O.S X

(D-2) * 11.5-1.5D
G x 2

al*> Py (33)

C

A, T =T/EA,.

# 24¢ 0.75 * 0.25 *
T = -
w(6 -3p) 4 (a “

2v-1) o 0.5 ~0.5% 475 _0.75% ﬁ
1T(6—3V)Tr x (lny)" "G 7 "2" "q, lna*.

0.255
c)

(34)
4 FREER BRI

W 1) 7 B3 K, 435 5 0RE Ak 1l 2 1 2
R, EIEEE 5 30 b fo™ M BT 32 1 S D0 18] 30 T
PRSI -5 L

P, iaC(21) (2 (22) Kexl(30) ~ 2 (32)
R B LS = I A B A R R AR e R e
A

T
f=p- (35)

MPEA(23) (2 (24) K (33) K (34) /15
HICE T

T
f=pe (36)

5 eSS

I3 AT EE R R B AN TR D FIANTR] G R
FIAS PR R X LU a8 T e e L =4 T
A PEE A DRSO () 119 25 57, DA S BRR TT B(E S it
B H ] 1R 22
5.1 DX =4EEEEBNZME

S eo=1,r=0.3,G" =10"",1 =2.8, 1=
(35) Al 15 D Xf i EE SR LR ) s e, an &) 2 T .
AT EE A R B F Y TG B A 1 ) 2 A P (R G
K, PAYHIE K Y D /T 2.5 B B EE 4 DR R 43
AR 3G R M3 K2 D KT 2.5 W, 45
DRI it 53T AE R 38 KT s/ ).

5.2 G W=Z4FHEEEHNIIT

A D ARk 2.3,2.5,2.7 I, 43I R 25K
G™ X RN E 3 s, WAL fBEE G* I
AN R s f BIBGHCRBE G B3GR/ ).

5.3 ZATHEEIFISIE

SR T UE SC R T B AR AL () b H S B
AR B JEAT R L. 40 4N LI YK31320
IR HLR I 80 s 45 A T R RFIE R4, 45
TG T R A DR BB AN (] ) AT A AR Ak
. G55 A S E ISR | R, 58 eSS
B D,G 4351k 2.5033,2.006 6 x 10 ~° m. 24454
T3 ) 2 faf P = 100 kN B, i 36 1 PP e & st
(15) A=K (20 ) AT 45 b B Al o™ AR 114 e A 425 f 1y R
a,=2.100 676 x 10 ~* m*. - L (29) .2 (31) Al
A (34) A AT £=0. 523 0. a0 4 Fis,
4 P =100 kNBF YIRS R £ =0. 466 93. MK
da FHT, i EE 422 DR 85 06 40 A AR AR R A —
3, bt Sk 1 AT IO B FEE] 4b FE 4c
o A g T BRI TR 5 1 Y 2 X FAH
XU 25 At 05 2 FIAH X 22 10 A8 A 18 Rl 4390 Ry
-0.1396 ~0.056 07 F1 —38.78% ~12.01% . %
Ah RIS H Y B K S5 5/ N2 f o = Fain =0. 466 93
-0.36 =0. 106 93 , BRI SEFEIHIN, BR A4
HZ IR 2ZE R A T UL A, A3
BRI T TRELS G b 45 R B A — & 1)
AHME.



%10 & HRENE. FERZELELSFBRGHERRAKIEL RS BER 1451

1.0 —
09 [@ -y ey © Pd
08}t ---D=2.3 /,," -.-D=25 ---D=2.9
0.7 | / | -~ ---D=2.6
0.6 |/ T
~05¢4 -7
04 7
0.3}/
02
0.1
0 051.01.52.02.53.03.54.04.55.0 05 1.0 15 20 25 0.51.01.52.02.53.03.54.04.55.0
P’ x10° P'x10° P'x10°
B2 FREDRYEH D XHEREREE LR 0
Fig. 2 Effect of different fractal dimension D on static friction coefficient
-0 ’ —G=107 ! —G=107 —G=107
0.9 @/ -- G'=10" o ® -~ G=10" © -- G'=10"
0.8 | / ---G'=107 ! ---G'=10" ---G'=10"
0.7 t/ i -
0.6 [ 4 T
~0.5 | i - e
0.4 e 1 =TT 7
03 | -7 LT / |
0.2 } ./'/ _//' I e
0.1 ',’, R /"__.—
0 0.10.20.30.40.50.60.70.80.9 1.0 0.10.20.30.40.50.60.70.80.9 1.0 0.10.20.30.40.50.6 0.7 0.8 0.9 1.0
P'x10° P'x10° P'x10°
E3 AESEREZRH G 3EEZEHAZM
Fig. 3 Effect of different fractal scale coefficient G” on static friction coefficient
(a)—D=2.3; (b)—D=2.5; (¢)—D=2.7.
0.55 - 6 YTy 2
(@) FRHE R 4| © ERESTRERE © FEWESHBER
0.50f 1 SR E v 2 xRz 10 FAXT R
045 >
X 0 ® 0
0.40 @-2 @
“ By w-10
035 ' &
® Z 20
0.30 -8
-10
-30
0.25 b
00— e 4 ..
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
AL PN BB PN

BB PN

B4 AXEBRBGESABELLESH
Fig. 4 Comparative analysis of the proposed model and experimental data

x1 HZEESH

Table 1 Parameters of joint surfaces 6 élﬂ:l: I/I:\;
BH FIH 1(35 W) F 2(45 )
E/GPa 197 205 1) He s RC S S48 D MY B R
v 0.31 0.3 G HHRA AR SR
plem T80 s 2) HOEEBRIACHA D B KSR KR M1
7/ MPa 346 3 LL D =2.5 Jo 5 BRI AR G IR K.
H/MPa 478 200 3) % HA SCHRR MR (AR IS (1, 2 %

1.5 1.5
4 IRl —0. 139 6 ~0. 056 07.




1452

AKX FFR(ARFFIR)

% 38 A

S E Lk

(1]

[4]

[6]

Ren Y,Beards C F. Identification of effective linear joints using
coupling and joint identification techniques[J]. ASME Journal
of Vibration and Acoustics ,1998,120(2) :331 —338.

Ibrahim R A, Pettit C L. Uncertainties and dynamic problems
of bolted joints and other fasteners[ J]. Journal of Sound and
Vibration ,2005,279(3/5) :857 - 936.

ZNG QR IMEAE  SF. RGESHOT H IR RS2 3
JFRRE MR [ T]. RAEKEH M CH AR,
2015,36(5) :690 —694.

(Li Xiao-peng,Liang You-jian, Sun De-hua, et al. Impact of
the system parameters on self-excited vibration system
dynamic stability [ J |. Journal of Northeastern University
( Natural Science) ,2015,36(5) :690 —694. )

Baramsky N, Seibel A, Schlattmann J. Modeling of friction-
induced vibrations during tightening of bolted joints [ J].
Proceedings in Applied Mathematics and Mechanics,2016,16
(1) :259 -260.

Iroz I,Hanss M, Eberhard P. Transient simulation of friction-
induced vibrations using an elastic multibody approach[J].
Multibody System Dynamics,2017,39(1/2) :37 —49.
FLL5E AR T I, 45, 42 0 Jek 32 T 7 28 448 2
O FUIN A5 —— SRR ). R3S ey ,2013,32(12)
40 -44.

( Tian Hong-liang, Zhao Chun-hua, Fang Zi-fan, et al.

Predication investigation on static tribological performance of

metallic material surfaces—theoretical model [ J]. Journal of

Vibration and Shock,2013,32(12) :40 —44.)
Chang W R, Etsion I, Bogy D B. Static friction coefficient

model for metallic rough surfaces [ J]. ASME Journal of

Tribology,1988,110(1) :57 - 63.

[8]

[10]

(1]

[12]

[13]

[14]

A R, TALR, A5 FET OB BB I 45 & T R R A
BRI [T ]. AR, 2012 ,43(1) 1213 -218.

(Lan Guo-sheng, Zhang Xue-liang, Ding Hong-qin, et al.

Modified model of static friction coefficient of joint interfaces
based on fractal theory [ J]. Transactions of the Chinese
Society for Agricultural Machinery,2012,43 (1):213 -

218.)

Liou J L,Lin J F. A modified fractal microcontact model
developed for asperity heights with variable morphology
parameters[ J]. Wear,2010,268 (1/2) ;133 - 144.

Luen L J,Fin L J. A new microcontact model developed for
variable fractal dimension, topothesy, density of asperity, and
probability density function of asperity heights[ J]. Journal of
Applied Mechanics 2007 ,74(4) :603 —613.

Yan W, Komvopoulos K. Contact analysis of elastic-plastic
fractal surfaces [ J]. Journal of Applied Physics, 1998, 84
(7):3617 -3624.

Li X P,Yue B, Zhao G, et al. Fractal prediction model for
normal contact damping of joint surfaces considering friction
factors and its simulation [ J ]. Advances in Mechanical
Engineering ,2014,9(1) ;1 -5.

Hamilton G M. Explicit equations for the stresses beneath a
sliding contact [ J ]. Journal of Mechanical
Engineering Science ,1983,197(1) :53 —59.

HIZL58 R S8 B8 e, 2. R oMl 3 T T B 4R o e
AP S —— S e b [T ], PR35 iy, 2014,33 (1)
209 -220.

spherical

(Tian Hong-liang, Liu Fu-rong, Zhao Chun-hua, et al.
Prediction of static friction performance of metallic material
surfaces with experimental proof [ J]. Journal of Vibration

and Shock ,2014,33(1) :209 -220. )



