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Abstract: For the more general form of nonlinear discrete-time time delays systems with
saturating actuators, an infinite-time optimal control scheme was developed by heuristic dynamic
programming ( HDP ) algorithm. In the proposed scheme, the discount factor was added in the
value function. Firstly, value function series and control series were given through iterative HDP
algorithm, and the convergence analysis was presented to prove that value function series and
control series reach the optimal value simultaneously. Secondly, three neural networks ( NN )
which are model NN, critic NN, action NN were introduced to carry out the HDP algorithm.
Model NN was used to approximate system model, critic NN to approximate value function,
action NN to approximate control policy. Lastly, the validity of HDP algorithm was illustrated by
one simulation example.

Key words: approximate dynamic programming; heuristic dynamic programming; value
function; neural networks; optimal control

AELME 2 G0 10 o DI A ) P — i 42 ) Uk
PIBFFE IR A 2R 2R G 0 2 Mk 1 HLAE sREIOC TR
ASFE RS ZIRBL I A S R 2 RS
PESCASE , 28 Thl49 4 HE E at v] LAl 2o 5K A Riceati Jy
FEAGHE] ;s IR R GE 2 AR M R B BEFR A5 0C THIR
AR AE IR, IR 2 e D045 i e 225K i
Hamilton — Jacobi — Bellman ( HJIB) J7 #£l' . {H J&
HIB J7 R [ A7 B AR LA e P, TR AR AR MEAS 3] H: it

i HH: 2013 -01 - 14

Wi, b 73R4 HIB J7 &2 09 3 AL, 3 1) Bl 250
X (ADP) J5 A8 1 T IZ 1 RUE.
Murray'* 5% i ADP %3 45 t R g AE et
TSI ) 2 G A B A (1 PR 8. Tamimi™>' 1] i ADP
R o AR M B LR (B R GE ) HIB J5 R (1) fff
I R K, 40 T USRI . Werbos ™
¥ ADP J5 k53 R a ks B # A (HDP) | —k
Ja & XA (DHP)  FhAT RO R A& X 8h 5

EEWB . HKARPEESREITH (50977008,61034005) 5 [#ZZFEMMAFFE 10T H (2009CB320601 ) 5 1L 745 H A4 2L 4 %%

BhIii H (201202201) .

EEBA: £ H(1979 ), B T FHERN, RILRFEE LI A4, T BHITTE K 2.



462 AIKRFZFR(ARHFK)

%35 %

¥I|( ADHDP) K $h A7 it — g A X 3 2 B4
( ADDHP).

TESEBRIa) R 56 R GRS I Hir
PRGNS, X IR ] e T BT R G A
FaE, U DLz B4R 2 0 58 3 (%) ¢ {3 Sussmann
SELH Saberi 51 45 T A A MR IIET A 0 4R
P 2R G5 5 A5 45 1 77 ¥ Luo 2817 A1) 57 4% 26 4Q
HDP ByL45 T A W AT 48 09 A 2R 1 B
i ] 28 45 119 30T {00 5 O 42 . Weed 257 3 i 26 1%
ADP B4 W A B 0 R 4R B (B R 48
(et Song %™ FI A HDP Sk fif ke 17
A RN PRAT A 04 IE 2 P S O (R R e Y S AR
Pl

ARSCHESCHR 7,9 ] e atk -, &1 X B A 5 i
—FROE AT A TR 78 1 I L 1 2 T 3R
48, 0He T e AR a8, I HAE(E kot 5|
A T HrdnE . FIHZ%EAC HDP 545 T {H pR %k
J7 5 A i 7Y 41, S B S | i Js R A BP
P2 S AR HDP B3k, 0 A5 R IR Uk 1
PR A B

1 ARk

2 R A TR R T i 1 L 1 B BN R 558
R —MIE 2, HARS I
x(k+1) =F(x(k) ,x(k-1),
u(x(k))),k=0. (1)
Kx (k) ,x(k-7) e R" 7350 g REEIRS S
S AR S AR B RAS I 7 Dy IR

WG x(s) =0(s) ,5 = =7, =7 +1,,
0,u(x(k)) e R" JRGREHI L&, W BETT
2 x(k) Ry x,,x(k-7) R x,_ u(x(k))H u,.

FEAUEE »

D) RG (1) E4neds, A S u, 15
X =F(x,x,_,u) >0,k

2)F (- ) J& )& #r & (Lipschitz) £k, H
F(0,0) =0;

Nu, e, N, =1u,=(u(1),u,(2),- -,
u,(m)" | Nu (i) <u(i),i=1,2,-,m},u(i)
B i A w, () KR LR

FEAu]— A4 il i BB A0 — > B s LA IR
AR UE DU ———( PR AR (PERB TR 5 ) , A SCHY [ 2 4n
ol B LA ] e, 8T HIME R BGA 3 Fe/ME -

J(xk9li:)) =Z’yi_kU(Xisui)' (2)

itquzo =(uk,uk+1,"')?{ﬂ’§ﬁ?ﬂr?§ﬂ;)(i=(x,~T,
x' )TeR";0<y<1 AIFIMHT;U(X,,u,)=
XTOX, + W(u), Wiu,) :2ju'¢'T(U"s)URds,

R >0,0 e R =0,U=diag(u(1),u(2),--,
u(m)), ¢~ (u,) =(¢™ (u;(1)) 7 (u,(2)) -,
o (u;(m)))" X HEDR (- ) BELATHHE
AT B BT B B G A AT ek AR, R L
lo( + ) I <L IXHFER R @ (x) AR UL, 411 st
TE VB tanh (x) =&

e’ —e

efre ™

W1 (x) NS A KE, H R >0,
U=0, @R b #1, W(u,) >0. 1 @ =0,
B U(X,,u;) >0, H U(0,0) =0.

T AT 55 2 0] g AR R 8wy il X
(2) Je/y, TRl R ge (1) o, A g | 145
il 8 2 S

BN WIREEHFES wf WL LU &0
TERHEQCR" FiEZ5u,(0) =0,i=k,k+1,-
w fERG (1) F8E s J (x,ul ) SR A BRI B4 5
u; HEVHER .

X (2) F/ME"

J (x,) =iur;fJ(xk,gZ°> =

©

i,;}f( Z‘Yika(X;,”i) ) (3)

i=k

i (2) A,

J(x, ,lif )= 2 ’)’H{U(Xi u;) =
ik

X 0X, +W(u)+y Y, vy UX, u,) =

XOX, + W(w,) +yJ(x )
HR i Bellman f {1 J5 4, F A0 (8 pR S B
Pl 530k
V(%) =n'1i'n%XZQXk +W(u,) +'}’V* (x41) f =
(X 0X, +W(u) +
min ,
ol {’)’V* (F(x,( PP, . auk> ) }
u’ (xk) =arg min%XZQXk +W(uk> +')’V* (xk+1> % =

(4)

{XI\TQXk +W(u,) +

i . 5
TEn VV*(F(xk,xk_T,uk))} ®)

Uk

2 U HDP BREHHET

FEIAX HDP B3k A6 s BUF 81 A ] 17 571
S AT SR A IBACHEAR § N0 AL o0 . B



%4 I A% Flakiag

T35 09 4F 20M B A i A 409 sRAR A ) 463

Fe A RRER V, (x,) =0 FFIR I8 200 s 4a
u,(x,) =arg mln%XZQXk + W) +yVo(x,,) 1} =

argmin{XTQX +W(u,)| . (6)
IVAEORIERES] ?&E%ﬁ?@
Vl (xk) _mln{XZQXk +W(u,) | =XkTQXk +
W(u,(x,)). (7)

HFi=1,2,,
AT
u;(x,) =arg rrgniXZQXk +W(u,) +'}’Vi(xk+1)% =

X HDP $53k4% F 51175 5

X 0X, +W(u,) +
argmln{ }, (8)
yVi(F(x,,x._,,u.))
Vi (x) :Hiln{XkTQXk +W(u,) +’)’Vi(xk+1)} =
XI:'FQXk_I_W(ui(xk)) +
Vvi(F<xkaxk—ﬂui(xk)))' 9)

3 AT HDP Sk st ny ik e

VA BRI HIOR 2 ] SR 4 PR (8) (X (9) %
AR TR XY i 00 I, {EL oK BT 51 USSR S A
(BB Vi (x) >V (), e 9SO B A4
i, Bl w, (x,) —u” (x,).

S B, (x) ARSI NS, 52 X
{ELPR%L

A (x) =X 0X, + Wn, (x,)) +
yVi(F(xe % pi(x))). (10)
Vi (x) @& LR (9). R vy () =
Ay( =) =084V, (x,) <A, (%,),i=0,1,2,-
S5IE 2 WRL(D)ZRAE, V., (x) &
W (9), W — T B Y (x,), 15
o<V, (x,)<Y(x,).
B W g (x,) AL VRS, E E
Z, (x) =XZQX1¢ +W(n(x,)) +
vZ,(F(x;,x_,,m(x,))), (11)
ﬁ%%jkzo( «)=V,(-)=0.
Z,,(x)-Zi(x;) =y(Z,(x;,,) -
Vz(Zi_1<xk+2) ~Z, ,(x,,)) =
Zy(x,)) =v'Z,(x,,,),
[3i¢
Z, (x,) :yizl(xk+i) +Z,(x;) :’)'izl(ka') +
Y72 (%) + 2 (x,) = =92 (x,) +
‘yi_lzl(xkﬂ'—]) +7i_2ZI(xk+i—2) +o+Z (X))
] A

Z,_(x,,))=
:’yi(zl (xk+i) -

Z,, ,(x) :Z 7/Zl (xkar_/) = Z V(XLI'QXH/"'

W(n(xkfj)))$;)‘yj(XIT+jQXk+j+W(1’(xk-ﬁ/>)>'
ESly] n(xk) I%%?’iq:%ﬂﬂ Fr LA Z,,, (xk)g

ZV(XL,QX“WW(W(JC“,))) Y(x,). H5l

ﬂlﬁmﬁziﬁm?mﬂ

B Bu(x) V., (x) & L=(8) .
KOO PR, MR V() =0, B4V, (x)=
Vi(x) , BV, (x, ) | BRI 1S 7571,

R W, () S A B R, € SUE R
Fon=(10) Prs. g5 E 1ALV, (x,) <A (x,).
PHEHHE A, (x) <Vio (x0). BT, () AR
Yo, AW (x) =u,,, (x)

Ay (x) =X, 0X, +W(u,,, (x,)) +

yVi(F(x,,x,_u,,(x,))),

Vi (x) =X 0X, +W(u,(x,)) +
YV (F(x,,x,_, ,u;(x,))).

HAECEFHNEUE A, (x,) <V, (x): 4
i=0mf,V,(x,) —Ay(x,) =X, 0X, + W(u,(x,)) =
0,80 Ay (x,) <V, (x,).

B2 i=1-10,A4,, (%) <V, (x),
Vx, eR' MY i=1H,V, (x)-A(x) =
X, 0X, +W(u,(x,)) +yV,(F(x,,x,_,u,(x,))) -
(X, 0X, + W(u,(x,)) +yV,_, (F(x.,x,__,
u(x.)))) =y(Vi(xe,) —A (x,,)) =0.
Vi (x) =A(x) BN A (x) <V, (x). 257
ERrig, Vi(x,) <A (x) <V, (x),
[V (x) 2B 7 5.

HIGIH 2 SOE BT A, LV () § 2 B i 1
AFTEHNBIFAI VY, () PG iElimV (x,) =
V. (x,). THEMZEGH V., (x,) =V (x,), B
BREUTFANV, (x) IS BRAEREL V™ (x,).

2 Wou (x) MV, (x) &L
(8) SR(9) FER M imV, (x,) =V (x,).

I EX VT (x,) = inf] eyl ) AL

Vi (x)<Vi(x,),i=12,,Biowoll,V (x)<
V., (x). FHAIEV, (x,)<V"(x,).
V" (x) B9E S SRR E) & >0, 4
FAERVHERF A &7 (x,) , flif
Vi(x,) <J(x,80 (x)) <V (x,) +e,i=1,2,-
Misoll,V, (x,) <V (x,) +e.



464 AiKF

FI(BAAFR)

%35 %

BT e BAEEM, LAV, (x) <V (x,).

%J:E‘fijss_lirgvi(xk> =V (xk)-

E2 gli"wﬁd‘,vi(xk>"v* (xk>7EE
A (8) 41, Y i—>w Hq"ui(xk)_)u* (x,).

4 HDP Fak i 22 25 1) 5L 3]

XFFARL M R G, RIAH (R PR AR U1, X1
B B L T BE AN SR ZR P 1, PRI Ik FH A 2 ) 2%
KIEUEREUT S V. (x, ) FEERTS] u, (x,) .

WS EMEITm Mo L AZSREZ
IR HE N v, B 5 2 550 )2 0 B 5
o JUHZ MR Y =o' o(v'x). Hf o )
IS bR, MR tansig (- ), logsig (¢ )
a'(vTx) eR'.

1 SELE% A HDP 353 (8) F1(9) , A SR
FH 3 AT 28 I 45 30T 0 3R oA R AL o 5 RN 45
TSR W, AT 0 R A X 2% P R 2% 42 ol I
2% S5 LA L.

BRALH
-------- - RRfEERE
— WNEEMEEH W )
N it T
g e I J %
] e ) g | 2 [y P, FOC
= M_ﬁﬁl el W% | | F%

B1 BEAXHERNEHE

Fig. 1 Structure diagram of HDP algorithm

13517154 HDP 5395 Z i, 1 e X ) 2%
AT,
4.1 HEEIM LK

REAG I : %00 = wpor (vl (k) , Hor
I(k) = (xpxp ()"

REEME x>, =F(x,x,_,,0,(x,)).

RN 2% 1R 25 s e, (k) :-’21”1 X

4 B, () = e, () "e, () , LR BRI T 1
PR BT T 7

w, (k+1) =w, (k) —am(aEmig),
v (k+1) =p_ (k) -am(g‘jgllg)

X, @, FRBRI R 45 (12 2] .
PRI Y )T, AR PR R AR

4.2 EH|IMLK
{EREAIHE: V(%) =0 o(vix,).
ERRECELIE  V, (x,) =X, 0X, +W(d,_ (k) +

7‘2‘71 <'§k+l)-
TEHIM KR 2 e (k) =V, (x,) -V, (x,).

A E(K) = e (K) e (k) AR ) F A

JEfl E (k) fe/Mb, BRAEHREE R BRI, 2] 0 2%
PO AR T N

w (k+1) = (k) -« (aEE ;)
v.(k+1) = (k) -« (aE (k) )

A, o ZARVEHIR L 127 2] .
4.3 E=HEMERML

PERVE A THE 4, (x,) = 0,0 (w],(K)),
Aop L (k) = (g, x,)"

il LR
W) +yVi(x.0) 1

BRIV IRZE e, (k) =, (x,) —u,(x,).

4B, () = e, (K) e, () FEIfE T2 1)

HARRNE E, (k) f/ME AR RE T [k, 42 il
A FH A 288 AU R AL B8

u,(x,) =arg min{X; QX, +
Ug

ka+1>=ka>—a4jifi§y
v (k+1) =p (k) —a(‘?j((:;)

A, o, FonFEHIAE 25 27 ) 2.

5 RGfHE
AT i B e PR B RO iy 2R 48 2 78 SC
BRL4 A AR 3], X HEE =1,
-0.8x,(k) —x,(k-1)u,
sin(0. 8x, (k) —x,(k)) +1.8x,(k) + |.
0.5x,(k-1) —x,(k)u;,
PIERE 2 = (1,17, BF RS x =
[0.5,0.5]",0=0.11,,R=0.11,,U=[0.5].
VPR JZ R 2 P 2% 1A R0 2 DFH) 0 255
FEHI 2R 254 53 Ry 5 -8 -2,2 -8 = 1,4 -8 ~ 1,3
MBI A ER P TRk AL -0.5,0.5]
HIBENIEL, TR o, =, =, =0. 1L, ITHNHE Ty =
L SN R N 45 1 25 [ A o0 265 1) AL
TR, AR5 I 259 1) I 2% R DT 1) 4% 200 A1
W, 9F HAA M 45 &)1 25 1000 M6 BR, R 5810 4R
S R B & PR M 2 an &l 2 ~ & 4
7R Al A5 FAEW] T 248 HDP 583k e Sl

x(k+1) =




% 4 3 I ORF. FRHATEG SN B R % R 465

0.8
0.6f b
0.4
0.2

® ool
0.4
0.6

0.8 : : : :
0 40 80 120 160 200

AR K s
& 2 %gﬁ‘.'{k:u X4 #0 Xy E%

Fig. 2 Trajectories of state variables(x, ,x,)

7
6 -
5 -
4 -
~
3 -
2 -
1 H
0 20 40 60 80 100 120
BREK
3 EEEJHHLk
Fig. 3 Trajectory of value function J
0.15
0.10
0.05
R
0
-0.05}
—-0.10 ; ; ' !
0 40 80 120 160 200
Bsf 1B 25 K /s
4 EHIBN v HhZ
Fig. 4 Trajectory of control u
:,: N
6 2% w

ASCl R A AR FL A T RA—
PRI SR A T AP e (R AR P T iy R 42

R L FE RIS, I H LA 3 i 2 k45 2 3 )
ARG A PR BC A e gt T
T U TR R A R

S 3k

[1] Lewis FL, Syrmos V L. Optiaml control [ M ]. 2nd ed.
Hoboken ; Wiley, 1995.

[2] Murray JJ,Cox C J,Lendaris G G, et al. Adaptive dynamic
programming [ J ]. IEEE Transactions on Systems, Man and
Cybernetics ; C,2002,32(1) ;140 - 153.

[3] Tamimi A, Lewis F L, Abu-Khalaf M. Discrete-time
nonlinear HJB solution using approximate dynamic
programming ; convergence proof [ J|. IEEE Transactions on
Systems ,Man and Cybernetics:B,2008 ,38(4) :943 —949.

[4] Werbos PJ. Approximate dynamic programming for real-
time control and neural modeling [ M ]. New York: Van
Nostrand Reinhold,1992.

[5] Sussmann HJ,Sontag E D, Yang Y D. A general result on
the stabilization of linear systems using bounded controls
[J]. IEEE Transactions on Automatic Control, 1994, 39
(12) ;2411 -2425.

[6] Saberi A,Lin Z L, Teel A R. Control of linear systems with
saturating actuators [ J |. IEEE Transaction on Automatic
Control 1996 ,41(3) :368 —378.

[7] LuoY H, Zhang H G. Approximate optimal control for a
class of nonlinear discrete-time systems with saturating
actuators[ J |. Progress in Natural Science,2008,18:1023 —
1029.

[8] WeiQL,Zhang H G, Liu D R, ef al. An optimal control
scheme for a class of discrete-time nonlinear systems with
time delays using adaptive dynamic programming[J]. Acta
Automatica Sinica ,2010,36(1) ;121 —129.

[9] SongR Z,Zhang H G,Luo Y H, et al. Optimal control laws
for time-delays systems with saturating actuators based on
heuristic dynamic programming [ J]. Neurocomputing ,2010,
73.3020 -3027.

[10] Wang FY, Jing N, Liu D R, er al. Adaptive dynamic
programming for finite-horizon optimal control of discrete-
time nonlinear systems with g-error bound [ J ]. IEEE
Transaction on Neural Networks,2011,22(1) :24 -36.

[11] Liu D R,Wang D, Zhao D B, et al. Neural-network-based
optimal control for a class of unknown discrete-time nonlinear
systems using globalized dual heuristic programming [ J .
IEEE Transactions on Automation Science and Engineering ,

2012,19(13) :628 - 634.

YSOSOOOOOS 0SSOSO 000000 0000000000000 0 000000000 00000

(L% 460 W)

(7] FEREF SRPES, XA N . B AE B A8 ) S 4% s il R S A&
M [T]. ARAER 224 A AR BHA AR, 2011,32(8)
1065 - 1067.
(Du Zhao-ping,Zhang Qing-ling,Liu Li-li. Stability analysis
for singular networked control systems with time-varying
delays [ J]. Journal of Northeastern University; Natural
Science ,2011,32(8) ;1065 —1067. )

(8] Hf52Z,5RPCR. —ZETE T WLIN &5 4 ) 4% 128 1) R 5t & w4
Mg T[], ) 5 3% ,2007 ,22(10) 11165 - 1169.

(Qiu Zhan-zhi,Zhang Qing-ling. Robust controller design for

a class of networked control systems based on state observer
[J]. Control and Decision ,2007,22(10) :1165 —1169. )
(9] B2 KRR HFEM. MR RG0S5 5w [M].
JeaT BhA At ,2009.
(Qiu Zhan-zhi, Zhang Qing-ling, Yang Chun-yu. Analysis
and control of networked control systems [ M |. Beijing:
Science Press,2009. )
[10] ATar. EbE bl L g R S 00 B ik [ M. Jent. 1
HER A AT, 2002.
( Yu Li. Robust control-linear matrix inequalities method

[ M]. Beijing : Tsinghua Unversity Press,2002. )



